Given a finite index subgroup Γ of PSL 2 (Z), we investigate Belyi functions on the corresponding modular curve X(Γ) by introducing two methods for constructing such functions. Numerous examples have been worked out completely and as an application, we have derived modular equations for Γ 0 (2), Γ 0 (3) and several special values of the j-function by a new method based on the theory of Belyi functions and dessin d'enfants.
Examples of calculations of the Belyi function and the dessin d'enfant associated with a congruence subgroup have appeared before in the literature e.g. in [3] , [8] for the case of genus zero torsion-free congruence subgroups. We will investigate some of the congruence subgroups which possess torsion elements for instance in Examples 7, 8 and furthermore some subgroups of higher genera in Examples 3, 5 and 10. Moreover, a second method for constructing Belyi functions on modular curves is introduced in section 3, the advantage of which is a simple description of the monodromy representation. The final section is devoted to applications to computing the modular equations and some special j-values. For notations we mainly follow [9] which is our primary reference on modular functions and modular curves. 
First Construction
Let us analyze the ramification structure of the map X(Γ) = Γ\H * → X(1) = Γ(1)\H * . The commutative diagram below
and the fact that in the action ofΓ(1) on H points with non-trivial stabilizer are exactly the elements of orbits Γ(1).ρ or Γ(1).i with stabilizers of orders three and two respectively, indicates that branch values of the map Γ\H → Γ(1)\H obtained from its restriction are among [ρ], [i] ∈ H. Moreover, the point [z] ∈ Γ\H where z ∈ Γ(1).ρ (resp. z ∈ Γ(1).i) is a ramification point of this map iff z is not an elliptic point of Γ and in that case, multiplicity of this point is three (resp. two). The only other ramification value that Γ\H * → Γ(1)\H * may possess is [∞] whose fiber is the set of orbits of cusps for Γ. Hence Γ\H * → Γ(1)\H * is a Belyi function provided one identifies X(1) = Γ(1)\H * with CP 1 in a way that the subset containing two elliptic orbits (points [ρ] , [i] ∈ X(1)) and one orbit of cusps (point [∞] ∈ X(1)) bijects to {0, 1, ∞}. The modular function j : H → C gives us such an identification since it has a simple pole at infinity and satisfies j(ρ) = 0 and j(i) = 1728. Thus, for any Γ, the function (1) :Γ] whose black (resp. white) vertices are Γ-orbits of points in Γ(1).ρ (resp. Γ(1).i) and centers of faces (× vertices) are orbits of cusps of Γ. If ν 3 (resp. ν 2 ) and ν ∞ indicate the number of inequivalent elliptic points of order three (resp. two) and the number of inequivalent cusps for Γ respectively, then the dessin has ν ∞ faces and among its black (resp. white) vertices, there are m−ν 3 3 (resp. m−ν 2
2 ) vertices of degree three (resp. two) and the rest, i.e. ν 3 (resp. ν 2 ) remaining black (resp. white) vertices, are all of degree one 1 . Furthermore, the number of edges of the face surrounding a vertex [z] of type × where z ∈ Q ∪ {∞} is twice the width of the cusp z of Γ.
This description of degrees of vertices of various kinds in our dessin certainly does not need to specify isomorphism class of the corresponding Belyi function since there is still the question of the way the graph is embedded on the underlying topological surface. This deficiency is remedied in the second method for constructing Belyi functions on modular curves introduced in the next section where in certain cases the monodromy of Belyi function can be recovered from the corresponding subgroup of Γ (1) . Nevertheless, symmetries stemming from the group action always can be used to determine the dessin. In particular, when Γ Γ(1) the well-defined transitive left action of Γ(1) on Γ\H * implies that the deck transformation group of the Belyi function Γ\H * → Γ(1)\H * ∼ = CP 1 may be identified withΓ(1)/Γ. Consequently, this ramified covering is regular, our dessin is uniform (degrees of vertices of the same type coincide) andΓ(1)/Γ is actually a group of symmetries of the dessin. Exploiting these symmetries extremely simplifies calculations with dessins as we shall see in examples of this section where we mainly deal with principal congruence subgroups Γ(N ): for the genus of X(Γ) as in [9] .
given by 1 +
cf. [9] . As a result, there are Remark 1. Although, as mentioned before, the mere description of dessin's degree sequence in 1 is not sufficient to determine the corresponding Belyi function X(Γ) → CP 1 , it might be enough to determine the complex structure of the compact Riemann surface X(Γ) provided that this degree sequence specifies the underlying graph of the dessin up to isomorphism. This is due to a simple observation: various embeddings of a bipartite graph as a dessin on a fixed oriented topological surface all lead to the same complex structure. The reason is that different embeddings differ by an orientation preserving self-homeomorphism of the surface. Such a homeomorphism respects two triangulations of the surface obtained from these embeddings and thus respects complex structures on the surface induced by these triangulations. There are some relevant cases where the underlying graph is uniquely determined, e.g. when the dessin is uniform. To see this, note that since each white vertex is of degree two, the dessin is obtained from a graph with black vertices by putting one white vertex on each edge 2 . This is a 3-regular graph embedded (as a map) on a topological surface where every face has the same number of edges and the number of vertices, edges and faces are prescribed by Γ. Clearly such a graph is unique up to isomorphism.
Example 1. For our first example, consider the index six normal subgroup Γ(2). Since µ 2 = 6, Corollary 1 implies that the genus of X(2) is zero, there are µ 2 = 6 edges, = −1, one can quickly recover the Belyi function f : X(2) → X(1) ∼ = CP 1 along with its dessin depicted in Figure 1 :
We may also explicitly describe the group Deck f : CP 1 → CP 1 ∼ = S 3 as the group generated by order two elements z → −z and z → is clean provided that Γ does not have any elliptic point of order two, e.g. in the case of Γ = Γ(N ) when N ≥ 2 or Γ0(N ) when −1 is not a quadratic residue modulo N .
T respectively 3 .
Figure 1
Remark 2. Although irrelevant in the previous example, it might seem ambiguous how one should connect black and white vertices in the dessin on X(Γ). Note that in the identification of X(1) with CP 1 in Proposition 1 via a multiple of j-invariant, the arc
2 from ρ to i in the boundary of the usual fundamental domain for Γ(1) = SL 2 (Z) bijects to the unit interval. Consequently, edges of dessin which are its preimages can be described as γ.e iθ π 3 ≤ θ ≤ π 2 , γ ∈ SL 2 (Z) . For torsion-free Γ there is a general method discussed in [3] for drawing the underlying graph of the dessin by relating it to the Schreier coset graph associated with the subgroup Γ of PSL 2 (Z).
Example 2. In this example, we concentrate on the principal congruence subgroup Γ(3) and the corresponding Belyi function f : X(3) → X(1) ∼ = CP 1 where N = 3, µ 3 = 12.
So by Corollary 1, the corresponding dessin has twelve edges, four black vertices each of degree three, six white vertices each of degree two and four faces (× vertices) each surrounded with six edges. The deck transformation groupΓ(1)/Γ(3) is isomorphic to the alternating group A 4 by the map which sends cosets of T and S to a 3-cycle and a product of two disjoint transpositions in A 4 , respectively. The description (Z 2 × Z 2 ) Z 3 of the group A 4 as a semidirect product of the subgroup of order two elements by a subgroup generated by an order three element (like the coset of T ) indicates that in terms of S and T a set of representatives may be described as:
3 The degree six meromorphic function on the Riemann sphere obtained as Γ(2)\H * → Γ(1)\H * is in fact up to a constant factor isomorphic to the formula of the j-invariant of an elliptic curve relative to its Legendre form which is given by λ → 256
Applying them to points ρ, i, ∞ of H * , one can easily compute the Γ(3)-orbits that form the set of vertices and then Remark 2 enables us to draw the underlying graph of our dessin on X(3) ∼ = CP 1 as in Figure 2 . 
On the other hand:
which implies that the involution of CP 1 induced by S interchanges e 2πi 3 α, e 4πi 3 α and also e 2πi 3 β, e 4πi 3 β while fixing points α and β, the observation that yields its formula as z → (α+β)z−2αβ 2z−(α+β) and requires α, β ∈ C − {0} to satisfy α 2 + 4αβ + β 2 = 0. Next task is to determine the coordinates of vertices of type • or × in terms of α and β. In its action on black vertices, T remains Summarizing all these calculations, we arrive at coordinates of all vertices in terms of α and β: 
where the latter map is the Belyi function studied in Example 2. We will concentrate on the former which expresses a genus one Riemann surface as a 6-fold ramified cover of CP 1 . Ramification values off :
3) and the fiber above each has precisely three points all of multiplicity two. The deck transformation group is a version of S 3 generated by order two and three automorphisms of X(6) = Γ(6)\H * induced respectively by left actions of T 3 and 1 3 3 10 . We will employ them to construct factorizations off that not only will lead to its equation, but also provide an interesting explicit example of an isogeny between elliptic curves. First, note that any intermediate covering inf : X(6) → X(3) satisfies the same property asf , that is multiplicities of its ramification points are all equal to two, the feature that simplifies applying the RiemannHurwitz formula: in any factorization X(6)
, the genus of Y is zero whereas in any factorization in the form of
, the genus of Z is one. With the help of order two and three deck transformations induced by T 3 = 1 3 0 1 and 1 3 3 10 , factorizations off of both kinds just introduced can be exhibited:
They fit into the commutative diagram below:
where genera of the surfaces in the top and bottom rows are one and zero respectively. Thus, in columns we have ramified 2-fold covers that allow us to write Γ(6)\H * and Γ(6). 1 3 3 10 \H * as elliptic curves in the hyperelliptic form y 2 = (x − α)(x − β)(x − γ) and each column as the projection (x, y) → x. The top row will be a degree three isogeny between these elliptic curves. By diagram chasing one deduces that the degree three map h : CP 1 → CP 1 has exactly four branch values which form the set of the branch values of bothf and right column of (6) . Moreover, the fiber of h over any of them consists of a point of multiplicity two and a simple point. These simple points of h over its branch values are the branch values of the left column. Identifying the modular curve X(3) with the Riemann sphere just like Example 2, the coordinate of cusps or in other words, branch values off : (6) is y 2 = x 3 −1 and we will find the other elliptic curve via exhibiting a degree three meromorphic function h on the Riemann sphere with the aforementioned ramification structure. The function h(x) = 4−x 3 3x 2 has the desired properties. It attains the value 1 at points −2, 1 where the latter is simple and due to the way that h transforms under 120 • rotation, similarly e and hence the other elliptic curve may be described by y 2 = x 3 − 1 as well! Now, in the the top row of (6) the isogeny may be described as (
x 3 . Thus, our computations culminate at an explicit description of a degree three self-isogeny of the elliptic curve y 2 = x 3 − 1:
. Combining this isogeny with the 2-fold ramified covering (x, y) → x yields the equation off as (x, y) → (5) gives rise to the following equation for the degree 72 Belyi function f : X(6) → X(1) ∼ = CP 1 and concludes this example:
3x 2 for a degree three self-isogeny of the hexagonal elliptic curve {y 2 = x 3 −1} results in the following interesting identity involving the Weierstrass function ℘ associated with the lattice Z + Zω where ω = e 
This idea can be applied to any self-isogeny in order to derive non-trivial identities for Weierstrass functions. For instance, there is a degree five self-isogeny of the square elliptic
Here, the Belyi function on the elliptic curve factors through a ramified 2-fold cover from the elliptic curve to CP 1 . Such a property of a dessin on a hyperelliptic Riemann surface is called properness and was first introduced in [4] . It is a powerful tool in computations with dessin d'enfants, cf. [5] .
is the Belyi function associated with the congruence subgroup Γ(6). 1 3 0 1 . So according to the table on page 275 of [3] of conjugacy classes of genus zero, torsion-free congruence subgroups of index 36 and their ramification data, this group coincides with Γ0(2) ∩ Γ(3). 6 The existence of these isogenies means that there is a trisection of the hexagonal tessellation of plane by the same tessellation and also the square tessellation of plane may be decomposed to five versions of itself. Realizing these observations geometrically is a challenging exercise.
which yields the following identity for the Weierstrass function of the lattice Z + Zi:
3 Second Construction
In our second construction, we assume Γ to be a finite index subgroup of Γ(2) instead of Γ(1) = PSL 2 (Z). It is no loss of generality as the Belyi theorem implies that arithmetic Riemann surfaces are exactly those containing a proper Zariski open subset uniformised by a finite index subgroup of Γ(2). This is due to a key observation: H → Γ(2)\H is a universal covering since Γ(2) does not possess any elliptic element and on the other hand Γ(2)\H may be identified with C − {0, 1} because it is the complement of cusps' orbits in X(2) = Γ(2)\H * ∼ = CP 1 while the number of inequivalent cusps for Γ(2) is exactly three: 
Thus,Γ(2) = Γ(2)/{±I 2 }, which acts freely on H, can be identified with the rank two free group π 1 Γ(2)\H ∼ = C − {0, 1} and this intermediate cover corresponds
to the subgroupΓ ofΓ (2) . We fix the following two generators for the free groupΓ(2) = Γ(2)/{±I 2 }:
The monodromy is a homomorphism from this rank two free group to the permutations of a regular fiber. In general, given a Belyi function, fixing a basis for the free group π 1 C−{0, 1} , it is a standard fact that the monodromy homomorphism is determined with a pair of permutations of a regular fiber that generate a transitive subgroup and such pairs modulo simultaneous conjugation are in a one-to-one correspondence with isomorphism classes of Belyi functions. See [2] for more details and also a very concrete description of the monodromy of a Belyi function in terms of its dessin. Here, as the left actionΓ (2) When Γ Γ(2), the Belyi function is regular and its dessin is uniform and by 9 the number of •, • or × vertices are respectively the number of Γ-orbits that subsets Γ(2).0, Γ(2).1 or Γ(2).∞ of Q * = Q ∪ {∞} decompose to. Using normality, this number is easy to find: it only suffices to consider the index inΓ(2) of the subgroup generated byΓ and stabilizers of 0, 1 or ∞ in the action ofΓ(2):
Corollary 2. Suppose Γ is a finite index normal subgroup of Γ(2). Then the Belyi function f : X(Γ) → X(2) from Proposition 2 is regular. Put: 
Equivalently, having in mind the way we identified X(2) with CP 1 and following notations of [2] , in the permutation representation (σ0, σ1, σ∞) (where σ0σ1σ∞ = 1) of the Belyi function
σ0 is the permutation induced by multiplication with ST 2 S −1 and σ∞ is the permutation induced by multiplication with T 2 .
The monodromy representation of this degree m Belyi function f is given by two permutations of S m induced by the right actions of T 2 and ST 2 S −1 on the underlying set of the order m groupΓ(2)/Γ.
Considering the case of principal congruence subgroups Γ(2N ) which are normal in Γ(1) while contained in Γ(2), the preceding corollary indicates that: X(2) ∼ = CP 1 is of degree four and in its dessin every vertex is of degree two. The quotient groupΓ(2)/Γ(4) is isomorphic to to the Klein four-group. Corollary 3 implies that the monodromy homomorphism is specified by a pair of permutations on the set of elements of Klein group induced by multiplication with two non-trivial elements of this group. So after an arbitrary labeling of four edges, monodromy is given by two distinct elements of the symmetric group S 4 each a product of two disjoint transpositions, e.g. (1 2)(3 4) and (1 4)(2 3). The the dessin is illustrated completely in the Figure 5 which (after arbitrarily fixing three vertices) immediately yields the equation of the Belyi function f :
The deck transformation group of the Belyi function f is generated by holomorphic involutions z → −z and z → 
that appeared in (10). We conclude that the branch values off are ±1, ±i, 0, ∞ and the fiber above each of them consists of four ramification points of multiplicity two. The group of deck transformations off is the elementary abelian 2-group
The cosets of the matrices
form a basis for this group over Z 2 . Now the order two deck transformation off induced by the left action of an element γ ∈ Γ(4) − Γ(8), in its action on a critical fiber (which consists of four critical points) either fixes all the points or permutes them as a product of two disjoint transpositions. The former happens only if γ is congruent to a parabolic matrix modulo eight. This is the case for the elements of the cosets of T 4 , ST 4 S −1 , A while the action of any other γ on critical fibers off is fixed point free and thus results in the factorization X(8) → γ \X(8) → X(4) off : X(8) → X(4) where the first map is an unramified 2-fold covering a genus three Riemann surface by the genus five Riemann surface X(8). Next, let us consider the deck transformations induced by T 4 , ST 4 S −1 , A. They fix some of the ramification points off because they are parabolic matrices. They are conjugate in SL 2 (Z) and therefore by analyzing just one of them it can be easily verified that each of these three deck transformations fixes all the points in exactly two of critical fibers and in any of other four critical fibers permutes four points of that fiber as a product of two disjoint transpositions. Using the Riemann-Hurwitz formula, we deduce that for any γ in (8) is a degree two ramified covering of a genus one Riemann surface by X(8) with precisely eight ramification points all of multiplicity two. We will utilize these observation to investigatef : X(8) = Γ(8)\H * → X(4) = Γ(4)\H * via factorizing it by introducing some suitable intermediate subgroups between Γ(8) and Γ(4) as in the following diagram: 2 ] = 0 of X(4) (cf. Figure 5 ). In this situation the branch values of the right column and the bottom row are in the preimage of the set {±1, ±i, 0, ∞} under this map but cannot be branch values of z → z 2 . Finding these branch values enables us to write the equations of these hyperelliptic curves explicitly and simplify the diagram (11) as:
X (8) unramified 2-fold cover ramified 2-fold cover with eight critical points / / {y 2 = z 4 − 1} (y,z) →z
Consequently, the genus five Riemann surface X (8) is birational to the affine algebraic curve (x, y, z) ∈ C 3 | x 2 = z 8 − 1, y 2 = z 4 − 1 on which the degree eight ramified cover
isomorphic to Z 2 ×Z 2 ×Z 2 is the set of transformation (x, y, z) → (±x, ±y, ±z). Composing f with the degree four Belyi function X(4) → X(2) ∼ = CP 1 derived in (10) shows that the desired Belyi function f : X(8) → X(2) ∼ = CP 1 of degree 32 is isomorphic to:
The group Deck (f :
According to 4.40 in [2] , the group of automorphisms of this dessin is the centralizer in S 32 of the subgroup of permutations of elements ofΓ(2)/Γ(8) generated by right multiplication with the cosets of 1 2 0 1
Example 6. The simple description in 2 of the monodromy representation allows one to demonstrate examples of Belyi functions associated with non-congruence subgroups by exhibiting their permutation representations. For instance, define a surjective homomorphism from the free group on two generatorsΓ(2) onto A 6 via sending T 2 , ST 2 S −1 to the generators (123), (23456) of the alternating group. The kernel, denoted with Γ, is a normal subgroup of Γ(2) of index 360 which is not congruence since A 6 is not a quotient of Γ(2)/Γ(2N ) for any N , cf. [6] . Note that under Γ(2) → A 6 :
Thus, following notations of [2] , in the permutation representation (σ 0 , σ 1 , σ ∞ ) of dessin, σ 0 , σ 1 , σ ∞ are the permutations of elements of A 6 induced by right multiplication with (23456), (12)(6543), (123), respectively. Plugging their orders k 0 = 5, k 1 = 4, k ∞ = 3 and m = 360 in the Corollary 2 yields 40 for the genus of X(Γ) and implies that the dessin has 360 edges, 72 black vertices of degree 5, 90 white vertices of degree 4 and 120 faces each with 6 edges. One can even extract some arithmetic information from this monodromy data: the group of permutations on elements ofΓ(2)/Γ ∼ = A 6 generated by the right action of a generating set of this quotient group obviously has the center equal to that of A 6 which is trivial. Now the Corollary 3.2 from [1] implies that the field of moduli for this Belyi function is a field of definition. More generally and by the same argument, this is the case for any Belyi function X(Γ) → X(2) where the group NΓ (2) (Γ)/Γ is centerless.
Dessins on X 0 (N ) and Modular Equation
The primary objective of this section is to study the Belyi function f :
, which according to Proposition 1 is actually 1 1728 j, and employ it to compute the modular equation associated with Γ 0 (N ) which is the algebraic dependence relation between Γ 0 (N )-invariant functions z → j(z) and z → j(N z). It is well-known that these two modular functions generate the function field of X 0 (N ) and the minimal polynomial of j(N z) over C (j(z)) is with integer coefficients and of degree µ given by (1) and its dessin. We will illustrate this idea for N ∈ {2, 3, 6} whereΓ 0 (N ) and T Γ (N ) coincide. So to obtain X 0 (N ) → X(1) it only suffices to consider the quotient of X(N ) → X(1) under the order N automorphism induced by T .
(1)) whose dessin is depicted in Figure 1 and its group of deck transformations is a version of S 3 generated by involutions z → −z and z → −z+1 3z+1 corresponding to S and T , respectively. The latter is an order two Möbius transformation with fixed points −1, 
2
. Applying this map to coordinates of vertices in Figure 1 , we arrive at Figure 6 . Note that some of the orbits of the action of Γ(2) appeared Figure 6 in Figure 1 are identified in Figure 6 under the action of T on the upper half plane given by z → z + 1. Belyi function of this dessin is z(z−9) 2 (z−1) 2 . In summary:
According to Proposition 1, the dessin in Figure 6 conveys information about the congruence subgroup Γ 0 (2): it possesses exactly one elliptic orbit, that of 
written in (5) 9 The matrix
.
10 In general, Γ0(N ) has an elliptic point of order three iff N is odd and −3 is a quadratic residue modulo N and has an elliptic point of order two iff −1 is a quadratic residue modulo N . 11 The cusp ∞ of Γ0(N ) is always of width one as its stabilizer T is contained in Γ0(N ) while the width of cusp 0 is N .
factors in the tower below of meromorphic functions on CP 1 :
The first map is the quotient map for the action of the group T on CP 1 . We saw in 2 that
T acts as the rotation through 120 • about the origin. Hence, this quotient map can be considered as z → z 3 and we arrive at z → 1 64 Figure 7 and is obtained from
to the vertices in Figure   3 . Note that the Belyi property translates to 1 64
. Again, some Figure 7 data concerning the group Γ 0 (3) might be read off from the dessin in Figure 7 :
is the unique elliptic orbit whose order is three whereas having a degree one black vertex, it precisely has one elliptic orbit of order three 12 . Analyzing × vertices implies that orbits of cusps for Γ 0 (3) are [∞] and [0] of widths one and three respectively. . We deduce thatΓ 0 (6) coincides with T Γ (6) and therefore the degree twelve Belyi function X 0 (6) → X(1) ∼ = CP 1 is just the quotient of map X(6) → X(1) ∼ = CP 1 appeared in (7) under the automorphism induced by the action of T which is an order six deck transformation. But X(6) is the hexagonal elliptic curve y 2 = x 3 − 1 whose group of automorphisms is of order six generated by (x, y) → e 2πi 3 x, −y . This indicates that one just needs to form the quotient of this elliptic curve under this automorphism which is:
. Therefore, the final answer is the degree twelve Belyi function 12 The matrix
where as usual ρ = e on CP 1 obtained by replacing x 3 with x in right-hand side of (7) (as usual, coordinate on the Riemann sphere is denoted by z):
where (using the second identity in (5) to obtain its difference with 1) the Belyi property is reflected in the identity:
Note that as 2, 3 | N = 6, Γ 0 (N ) does not have any elliptic element and thus from Proposition 1, its twelve edge dessin has four black vertices of degree three and six white vertices of degree two. We infer that the underlying graph is the same as that of Example 2. Nevertheless, the Belyi functions written in (5) and (12) are not isomorphic since the former is regular and the latter is not, cf. Remark 1.
Example 10. Here we depict the dessin corresponding to the congruence subgroup Γ 0 (11). This subgroup is of index 12, does not possess any elliptic element and has exactly two cusps, namely the orbits of 0, ∞, of widths 11,1. Hence, some basic properties of its dessin can be inferred: it is a dessin on the torus with 12 edges, 4 black vertices of degree three, 6 white vertices of degree two and 2 faces surrounded by 22 and 2 edges. Therefore, by deleting white vertices, we have an embedding of a graph with four degree three vertices that has exactly one loop (which is the boundary of the face with two edges and contributes two to the degree of the corresponding vertex) on the torus as a map whose complement consists of two 2-cells where of course one of them is the one determined by the loop. The reader may quickly check that essentially there is only one way to draw such a graph (as a map) on the torus and by putting back one white vertex on each edge, we arrive at the dessin of X 0 (11) in Figure 8 .
After studying the Belyi function f : [z] ∈ X 0 (N ) → 1 1728 j(z) in these examples, let us concentrate on z ∈ H → j(N z) which is Γ 0 (N )-invariant and therefore gives a meromorphic function on X 0 (N ). Once more, this function has at most three ramification values, i.e. j(∞) = ∞ and the ramification values j(ρ) = 0 and j(i) = 1728 of j : H → C. Thus, normalizing it, one gets a new Belyi function on X 0 (N ) denoted by g. Calculating first equations for f and g and then the algebraic dependence relation between them results in the modular equation for Γ 0 (N ). This is our key idea: thinking of the modular equation for Γ 0 (N ) as an algebraic relation that two Belyi functions f : [z] → Remark 4. It is vital to note that in our approach to computing the modular equation it is not sufficient to only obtain Belyi functions f and g up to isomorphism since we are interested in the algebraic dependence relation between them. Thus, after computing a version of the Belyi function f : X 0 (N ) → CP 1 (corresponding to j(z)), the task that has been carried out in Examples 7 , 8 and 9 for N ∈ {2, 3, 6}, its dessin is fixed in both algebraic (in terms of the Γ 0 (N )-orbits appearing as vertices) and geometric (in the sense of coordinates on the Riemann surface X 0 (N )) sense and then one should consider how the dessin of the Belyi function g (corresponding to j(N z)) is positioned with respect to it. For N = 2, 3 this is going to be achieved in Examples 11 , 12.
What can be said about g? Black (resp. white) vertices of its dessin correspond to Γ 0 (N )-orbits of points z in the upper half plane lying in the Γ 0 (N )-invariant subset 1 N Γ(1).ρ (resp. 1 N Γ(1).i) where again just as the dessin of f described in Proposition 1, their degree is either one or three (resp. two) where degree one occurs precisely when z is an elliptic point of Γ 0 (N ). Just like the case of f , vertices of type × (poles of the Belyi function g) are orbits of cusps for Γ 0 (N ). The degree of g is same as that of f , i.e. 
With some group-theoretic manipulations, one can determine the orbits that are vertices of the dessin of g on X 0 (N ): choose a complete set of left cosets representatives of Γ 0 (N ) in Γ(1) denoted by γ 1 , . . . , γ µ . It is easy to verify that:
As the final remark that will aid us below in drawing the dessins of f and g, consider points 
Action of their transpose matrices is given by (T S) t : z → −1 − 1 z and (T S) 2 t : z → −1 z+1 . Now, using (13):
Orbits of Γ 0 (2) appeared above are black and white vertices of the dessin on X 0 (2) corresponding to g. But we should omit repetitions of orbits: We deduce that there are two white vertices:
The degree of such a vertex is one iff it is the unique order two elliptic orbit of Γ 0 (2) and otherwise equals two. According to the dessin in Figure 6 and the discussion after it, One can compute the algebraic dependence relation between the above quadratic and cubic in y (which is straightforward using the division algorithm) and then in the derived equation replace them with X +Y and XY respectively. The result is the modular equation for Γ 0 (2):
It only remains to derive the algebraic dependence relation between the cubic and the quartic in y appeared above (this is a bit harder and best carried out with a computer algebra package such as MAPLE) and then substitute the cubic (which came from f + g) with X + Y and the quartic (which came from f g) with XY . This culminates in the modular equation for Γ 0 (3) below: N z = j(N z) which is the Belyi function g. Since under this involution f goes to g, the symmetry of all algebraic equations that f, g satisfy and in particular the modular equation will readily be inferred. We summarize our method: We finish with another interesting consequences of the constructions used in the last two examples. Suppose that in Proposition 3 after fixing the dessin of f (cf. Remark 4), Γ 0 (N )-orbits that occur as vertices of the dessin of g have been determined after necessary group-theoretic arguments and also the positions of these vertices on X 0 (N ) are known. Evaluating j = 1728f at them might lead to some non-trivial j-invariant calculations because among the vertices of the dessin of g there are some new orbits that had not appeared previously. 
